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1. INTRODUCTION AND NOTATIONS

Let 4, (n > 1) denote an arbitrary but fixed partition of the unit interval
I=100,1], ie, 4,:0 =x, <x < < Xpy <X, =1 By Sp2, 4,)
we denote the space of quadratic spline functions determined by the above
partition 4, . Namely, s € Sp(2, 4,)) if and only if the following conditions
are satisfied:

(i) In each subinterval [x,,,x;] (i =1,2,...,7n), s is an algebraic
polynomial of degree 2 or less;

(i) se ).

1t is a well known fact that Sp(2, 4,,) is a linear subspace of C(I), and that
dim Sp(2, 4,) = n + 2. Let L,? denote a projection (linear, bounded and
idempotent map) with domain C(I) and range Sp(2, 4,). If || - || stands for
the sup-norm on the interval 7, then the operator norm is given by a familiar
formula

I L2l = sup | LY llc  (fe CW)). (L.
Il
In this note, some examples of the operators L,? are given, as well as
some results concerning their norms. The size of the norm L% is important,
for

I — La¥flle < (I + | L2 1) dist( £, Sp(2, 4.))

(for the most general form of this inequality, see, e.g., [5]).

Let {L,? denote some class of projections from C({I) onto Sp(2, 4.).
Then L2 e {L,2} is minimal if | L,2| < | L2 for all L,2 For some recent
results concerning minimal projections, see [9]. Bounds for the norm of
certain spline projections are given ih [6-8] and [12].

In Section 2 we introduce the projections L, 2 determined by the conditions
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L3N x) =f(x) G =0,1,..,n) and (L,¥)(x,) = 0. The norm of L,2
and its upper bound for a minimal projection L,? are given in Theorems 2.1
and 2.2, respectively. The next section is devoted to the so-called quadratic
histospline projections (denoted by P2 0,2 R,?), determined by the
conditions

[ @ — s =0 (=12, mfeC), (2)

Li—1

*

with appropriate boundary conditions for the spline P,% (Q,%, R,¥).
Upper bounds for the norm of P2 (Q,2 R,?) are given. Splines satisfying
(1.2) were introduced in [2]. Schoenberg [14] called these splines histosplines.
For further results concerning histosplines see, e.g., [1, 3, 11, 13-16].

2. QUADRATIC SPLINE PROJECTIONS

For simplicity of further notations let A, = x; — x,, (i = 1,2,...,n),
i =58(x3), m; = 8'(x;) (( =0, 1,...,n) where seSp(2,4,). If xe[x;4,x]
(i = 1, 2,..., n), then the spline function § may be written in terms y; and m;
in the following way

$(X) = Yiq Mg (x — X;20) + %ﬁ (x — x;9)? (i=12,..,n).
! 2.1)

Now we assume that the real numbers y,(i = 0, 1,..., n) and m, (= 5'(x,))
are given. From conditions s € C(J) and with the help of (2.1), we obtain

my+miy =2y —yidh =2d; (i =1,2,...,n). 2.2

Solving this difference equation we have a simple formula for determining
first derivatives m; at knots, namely

my = 2 Z (=D d, + (=1my (= L,...,n). (2.3)

T==1

Thus from (2.1) and (2.3) we have the following

LemMA 2.1. For n > 1, arbitrary but fixed partition 4,, , and for arbitrary
real numbers y; (i = 0, 1,..., n) and'my , there exists exactly one spline function
seSp2, 4,) satisfying the following conditions s(x;) =y; (i =0,1,..,n)
and s'(xy) = m, .

In [9], the authors considered ‘an intérpolating scheme as in Lemma 2.1
but with periodic boundary conditions.
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For our further use, we introduce the so-called fundamental spline func-
tions s; € Sp(2, 4n) (j = 0, 1,..., n) satisfying the conditions

Sj(xi) = 37;]‘ (l,] = 0, I,..., n). (2.4)
Also assume that for all j =0, 1,...,n
5i(xp) = 0. (2.5}

From Lemma 2.1, it follows that s; always exists for j = 0, 1,..., #. In the
next lemma an explicit formula for s; is given.

LemmA 2.2. For an arbitrary partition 4, , the fundamental spline func-
tions s; (j = 0, 1,..., n) are given by the formula

5% = 0, Xo <X < Xjox,
X — X;_1 \%
= (552 FasEsw
3
2.6}
2 X — x;\2 (
=1+nj—(xj+1—x)(x~xj)—(——h———j—), X; X K Xjyg
FARED ] F+1
m.
= (—1H* h_’tl— (r — X5 D) X5p041 — X)s Xig S X K Xy

J+I+1
where m;, = —2(1/h; + 1) (J =0, L,..un — 1; 1/hy = 0).
Proof. Let for the fixed value of the index j (j = 0, L,..., n) m; = si(x;).
First, the numbers m, will be calculated.

Case 1. j ==0. From (2.2) conditions (2.4) and (2.5) we have m; = 0,
my = —2/hy, my = (—1)"*"my (I =2,3,..., 1.

Case 2. j = n. In a manner similar to the above, we obtain n, =0
forl =0,1,..,n — land m, = 2/h, .

Case 3. j=1,2,.,n— 1. By virtue of (2.4), (2.5) and (2.2), we obtain
m; =0 for i =0, 1,.,j — 1, and further m; = 2/h;, my 4 = —2{1/h; +

Yhisy), My = (=D myy (I = 1;7 4 1 < n). Then (2.6) is an obvious
consequence of the Hermite interpolation formula.

CoROLLARY 2.1. Under the assumptions of Lemma 2.2, we have

sgn 5;(x) = 0, Xo < x < Xjq»
=1, Xpog <X < Xjpas 2.7
= (—1), X <X <Xy (ZLj+I<n-1)
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Let f'e C(I). We define the projection L,? in the following way
(Lo )x) = ) f(x) si(x), 2.8
=0

where s;€Sp(2, 4,,). It is obvious by virtue of (2.4) and (2.5) that
(L)) = f(x) G =0, 1,..., m) and (L) (xp) = 0. If

A3 = ¥ s xeD)

denotes the so-called Lebesgue function connected with the projection L,2,
then

I L2 =142 c - 2.9
Now we are able to prove the following

THEOREM 2.1. If L2 is defined by (2.8), then

i—1

Proof. Letxe[x;4,x]({ = 1,2,..,n). Then by virtue of (2.6) and (2.7)
we obtain

AAx) = Z [sy(x)] = Z | 50| = Z | 5,001 + s:2(x) + 5:(%).

Hence

2 i—2
A2(x) =1+ W (3 — X)x — X5g) + Z ] 85 (x & [xs_1, XD,
i—1/%¢ i=0
(2.11)
For simplicity of further notation, let wy(x) = (x; — x}(x — x;_,). From

Lemma 2.2 we have | so(x)| = 2/h:h) wi(x), i = 2,3,..,n+ 1, | 5;(x)| =
2/h(1h; + ki) wi(x) (j = 1, 2,..., i — 2); i = j - 2. Hence (2.11) becomes

xwm:1+ih4+h+g(7-iﬂwm

-1
1+:th®

T 1_1

Further max,,_ <u<q, 4:%x) = 1+ & 2:: 1/h; ( = 1,2,..,n), and (2.9)

T 1S

implies the formula (2 10). . K
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Let 4, and 4, be two different partitions of the unit interval I such that
the mesh sizes h; and &; (i = 1, 2,..., n) fulfill the inequalities

0 <hy <hg < <h <h <1, (2.12)

0 <hy <hgy < <hy,<kh, <1, (2.13)

Where Zz vhi = Y0 h; = 1. Further let ¢; = h; Yoy Y1k, , and & =k
T Uk G = 2,3, ).

It follows from the proof of Theorem 2.1 that the Lebesgue function /,2(x)
is strictly concave in each subinterval [x;_, , x;](i = 2, 3,..., n) and 4, 2(x) = 1
for x e [xy, x;]. Thus the numbers 1 -- ¢; and 1 -+ &; are local maxima of
the functions /,%(x) and 4,2(x), respectively. We can prove the following

COROLLARY 2.2. If the partitions 4, and 4, are such that (2.12) and
(2.13) hold, then e; < é; (i = 2, 3,..., n). Hence || L,2 | < | L,2].

Proof. From (2.12) and the definition of e; we obtain
e < (—VDhlh,y ((=2,3,.,n. 2.149)
Similarly (2.13) implies
G—Dhyh,_, <&  (i=273,..n. 2.15

From our assumptions, h;/h;_; < 1 and &k, > 1 (i = 2, 3,..., n). Hence
and from (2.14) and (2.15) one obtains

e <(~1D<(@—Dhfhi<&. W

From Corollary 2.2 it follows that the minimal projection L,? is not con-
tained in some subclass of projections (of the form (2.8)) determined by
the partitions like (2.13). Now we give an upper bound for the norm of the
minimal projection L2

Toeorem 2.2. If L2 is a minimal projection among all projections of
the form (2.8), then for every n > 1, the following upper bound is valid

IL2]l <3 — 20" <3

Proof. 1et 4, be defined as follows, A, =27 (i =1,2,.,n— 1)
and h, = 21 (the condition ¥}, h; = 1 is satisfied). We have

i—1
hizhi =1 -2  j=1,2.n—1,

j=1 "3

= 2 — 2% i = n.
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Hence by virtue of (2.10), || L,2 || << 3 — 22~* < 3 and further the definition
of a minimal projection gives the desired resuit. J§

Meinardus and Taylor [9] proved that a minimal projection in the class
consideréd in their paper has a norm (n 4 1)/2 (r-odd). From Theorem 2.2
it follows that a minimal projection in the class defined by (2.8) has a smaller
norm even for small values of n.

3. QUADRATIC HISTOSPLINE PROJECTIONS

Now we introduce some additional notation. Let /2 = maX,<i<n s,
b = min, ;< by, K, = h/k denote a global mesh ratio for partition 4,,,
@ =higal(hs + his), i =1 —a; (0 = 1,2,,n — 1), F; = [57 f(x) dx for
given f € C(J). In this section, upper bounds for the norms of the projections
P2 0,2 and R,*defined below) are given. As in the previous section, the
projections P,2, Q,% and R,2 are defined on C(I) with values in Sp(2, 4,).
Let P% = s € Sp(2, 4,) be determined by the conditions

i

j L PN — fdx =0 (G =1,2,..., n). (.1

Li-1

Additionally for the histospline P,2f the following boundary conditions are
imposed

P Wxo) = f(xa) (P )xa) = f(xn)- (3.2)
Respectively for Q,%f the following boundary conditions are assumed
(anf)'(xo) = (anf)’(xn) =0, (33)

where Q,%f = s € Sp(2, 4,,) satisfy conditions as in (3.1). Similarly we define
the projection R,% with the additional assumption that f(0) = f(1). In this
case, the boundary conditions for R,*f are periodic, i.e.,

RAMNx) = RH)Nxn)  (J =0, 1). (34

Let xe[x;1,x], t = (x — x;.1)/h; . The following formula for (P,%*)(x)
valid (see, e.g., [11, 13, 15])

P¥)(x) = Fxi)(d — (1 — 30) + f(xt, Bt — 20) + 61(1 — D) Fifh;, (3.5)

where the numbers y; = f(x;) (( = 0, 1,..., n) are the solution of the following
system of linear equations (see, e.g., [11, 13, 15])

a;Yia + 29 -+ € Via = 3@ Fifhy + €Fiialhi) i=12,..,n—1) (3.6)



QUADRATIC PROJECTIONS 303

(by virtue of (3.2) the numbers y, and y,, are given). Similarly for the histo-
spline Q,% we have for x € [x,_; , x;]

(@ )x) = Filh; + b3 — 1) m; — (3% — 6t + 2) my_4}/6, (3.7

and the appropriate system of linear equations with unknowns m; is the
following:

6
cihy_y + 2my; -+ agmgy = m (Fiyafhivs — Filhy)

G=1,2n—1) (3.8)

(by virtue of (3.3) my = m,, = 0). For the histospline R,2f, formula (3.5)
is applicable.
Now we are able to prove the following

TueoreM 3.1, For the projections P2, Q,% and R,? the following estimates
hold
P2l <43 Q2] <1+43K,, [RE] <44 (3.9

Proof. We only sketch the proof because it is quite similar to the proof
of Theorem 3.1 in [7]. Using a diagonal dominance argument to the systems
(3.6) and (3.8) one has

max |y;| <3{flle and max |m;| < 6| flic/k.

0<i<<n O0<j<n

Hence and from (3.5) and (3.7) we obtain the first and second inequality
in (3.9). Quite similarly one can prove that the last inequality holds. §

Note added in proof. 1t can be proved that the following uniform upper bound for the
norms of P2 0,2 and R,? holds: || P21, | @21, Il R.2|l < 3 for all z > 1 and arbitrary
partition 4, .
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